The paper studies the consensus of event-triggered for second-order multi-agent systems (MASs) with or without input time delay. Based on the designed triggering function, a distributed event-triggered control strategy is presented to drive the system to achieve consensus. For each agent, controller update only needs the neighbor's information communication and its own error value, thus continuous communication among agents is not necessary. Communication energy can be saved as the agents send their state information only at infrequent event instants. To demonstrate the asymptotical stability of the closed-loop error system, S-procedure approach is used by combing Lyapunov stability theories with linear matrix inequality (LMI) technique. Two sufficient conditions are derived by solving LMIs for achieving second-order consensus under the cases of with or without input time delay, respectively.Numerical examples are presented to verify the effectiveness of the proposed controllers.
I. INTRODUCTION
Recent years, the consensus problem of multi-agent systems (MASs) has been researched extensively due to its widely application in engineering, the sensor/actuator network formation, multi-robot cooperation, unmanned aerial vehicles (UAV) and so on [1] - [4] . The consensus means that all agents' states or outputs achieve the common value by using interaction among agents.
There are a large amount of results available on the consensus problem of MASs from different viewpoints [5] - [15] . For example, fixed and switching topologies [1] , [4] , [10] , the convergence rate [5] , [6] , with or without time delay [6] , [8] , [9] , discrete or continuous systems [7] , [12] , [13] , and so on. Among these literatures, event-triggered consensus control as one of the concerned problems has attracted more attention of researchers.The so-called event-triggered control is that the controller update only happens when the measurement error increases to a certain threshold rather than executes task periodically and state-independent.
The associate editor coordinating the review of this manuscript and approving it for publication was Liang Hu . Compared with traditional time-based control, eventtriggered consensus control has the advantage of reducing update numbers and transmission frequencies in communication network. Because event-triggered control is aperiodic, agents need to communicate with each other when the predesigned triggering mechanism is satisfied. This stimulates considerable research efforts on event-triggered control protocols [5] - [14] . In [6] , the authors focused on event-triggered consensus problem of general linear model, and proposed sufficient condition on whether continuous communication among agents was required. The linear protocol was given, but it was centralized, which depended on global information and required more resource expenditure. Unlike [6] , in [7] - [9] , [11] - [13] , [15] , [20] , [21] , distributed protocols were proposed for MASs, which improved efficiency and saved resource compared with centralized control. In [7] , a distributed event-triggered consensus protocol that relied on agents' communication was proposed for the heterogeneous MASs under fixed and switching topologies, respectively. In [8] , an event-triggered framework based on nonlinear dynamics was proposed, whose aim was to avoid continuous communication among agents. In [9] , the authors designed VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ an event-triggered consensus protocol for nonlinear MASs under given triggering conditions, and consensus sufficient conditions were obtained. However, the dynamics of MASs in [7] - [9] were all applied to single integrator MASs. When considering acceleration as a control input, double integrator dynamics needs to be considered. Therefore, many scholars have studied the event-triggered consensus control for MASs with double integrator dynamics, see [12] - [14] , [16] , [17] , [21] - [25] . In [12] , a decentralized controller was established based on a ratio of measurement error of agent to its state norm, but the update of controller needed the information of all agents. In [14] , the distributed event-triggered sampling rules were designed, through which the update of controller only relied on the latest measured value. Ref. [16] investigated event-triggered consensus with leader-following model, and an exponential triggering function was designed, where the update of controller only depended on its neighbors' states, but the computation was increased.
In fact, event-triggered consensus control focuses on how to establish distributed controller and the triggering function to determine whether the event is triggered at appropriate time. No matter it is the case of single integrator or double integrator, it requires fewer information exchange between agent and its neighbours and more sensitive triggering conditions. Meanwhile, it is desired that agents achieve consensus as soon as possible, which is a challenging issue in the consensus control for MASs.
With the further investigation of the consensus problem, time delay is included in consensus. It is noticed that time delay can deteriorate system performance and lead to system instability. Hence, it is essential to study the event-triggered consensus control with time delay. In general, time delays between agents and between actuator and controller, are called communication time delay and input time delay, respectively. So far, many results have been produced about the consensus control with time delays, see [13] , [16] , [17] , [21] , [24] , [26] - [29] , [31] . In [13] , a distributed event-triggered dynamic consensus controller was designed, state stability of the closed-loop MASs was analyzed with directed interconnections, but the authors only considered the communication delay. Nevertheless, in [16] , [17] , combined triggering function based on given event-triggered control strategy were proposed, by taking input time delay into account. The results showed that the continuous communication was not required and Zeno-behavior could not occur. However, the studied system was only with single integrator dynamics, which was difficult to apply to MASs in double integrator dynamics. In [21] , a distributed control strategy on event-triggered consensus of MASs was designed with input time delay. A directed spanning tree was required with leader rooted in network topology, which could only be applied to leader-following model. In [24] , Wang, et al., studied the consensus problem for MASs by using the distributed control technique, where the periodic event detectors were needed to check the triggering conditions, while the energy expenditure was increased.
In [26] , the authors solved the consensus problem of nonlinear system with occurring randomly and time-varying delay, but the Zeno-behavior could not avoided. In [27] - [29] , the global asymptotic consensus and the optimal consensus control with input time delay were obtained, respectively. however, the obtained results could not be applied to the system of event trigger MASs. A class of discrete time stochastic MAS in [29] and time-varying discrete systems with input time delay in [31] were studied, but the closedloop systems achieved the desired consensus in probability, the results were not suitable for continuous MASs. Obviously, the event-triggered control scheme has attracted much attention of researchers in MASs and one may refer to the other studies [17] , [32] - [34] .
Based on these works mentioned above, we study the consensus problem via event-triggered control for second-order MASs with or without input time delay. The event-triggered consensus control strategy is provided. Two sufficient conditions on consensus control are given under the designed triggering function. The effectiveness of the theoretical results are shown by simulations. The main contributions are displayed as follows.
(I) The distributed event-triggered consensus control protocol for second-order MASs, based on non-periodic sampled data and measurement error, is proposed. The update of controller only needs latest neighbour's information and its own error value, so continuous communication is not necessary, agents need less information interaction with each other. Different from leader-following consensus in [13] , [14] , we study the event-triggered leaderless consensus control for second-order MASs. Besides, we propose different consensus protocol which only uses the discrete states sampled and sent by neighbours at their event instants. In addition, compared with [6] , we propose a linear state-dependent triggering function, which can simplify the computation and make it easier to apply to practice.
(II) S-procedure approach is used together with the generalized sector condition to transform the consensus problem into the stability problem of Lyapunov function, which can be solved by using LMI techniques under the given triggering function. It is noted that some non-convex constraint optimization problems can be conveniently transformed into linear matrix inequality constraints via the S-procedure approach. Different from [7] , [32] we study the fixed directed topological graph with or without input time-varying delay, Lyapunov-Krasovskii functional technique combined with LMI is used to achieve the consensus. This also makes the design of the controller easier.
The rest of this paper is organized as follows. In Section II, some preliminaries related to graph theories and a few definitions and lemmas are presented. The system model of event-triggered consensus control belongs to Section III. Main results are shown in Section IV. Simulation examples are provided in Section V to verify the effectiveness of the designed controller. In Section VI, conclusions are summarized and further research works are proposed.
II. MATHEMATICAL PRELIMINARIES A. GRAPH THEORY
The communication topology composed of multiple agents is represented by a digraph G = (V, E) , where G is a structure being made up of a vertex set V = {1, 2, · · · , n} and an edges set E = {(i, j)|i, j ∈ V, i = j}. A directed edge (j, i) ∈ E denotes i can get information from j, or j can arrive at i. If there exists an edge from j to i, then j is called a neighbour of i. The neighbor set of i is denoted by
The symbol ⊗ represents Kronecker product. An asterisk * denotes a symmetric term in complex matrix or symmetric block matrices. For a vector ε, ε represents the Euclidean vector norm.
B. SOME DEFINITIONS AND LEMMAS
Definition 1 (S-Procedure) [30] : Let σ k : V → R (k = 0, 1, · · · , n) is a real value function defined in the linear vector space V, consider the following two conditions:
Since τ k ≥ 0, if S2 satisfies, then S1 holds, that is to say, the proof of S1 is based on the proof of S2.
The S-procedure approach is to verify whether condition S1 is true or not by judging the authenticity of condition S2. In general, condition S2 is easier to test than condition S1. Definition 2 [4] : If inf k t i k+1 − t i k > 0, where t i k is the triggering instants of agent i, Zeno-behavior cannot occur in closed-loop system, namely, the controller is not triggered infinitely in a finite time.
Definition 3: For any initial conditions, the consensus of MASs is achieved if the following formulas hold
Definition 4: In a directed graph G, if there exists a path from root node to any of the other nodes following the edges, then we call the graph G contains a spanning tree.
Lemma 1 [5] : Assume two vectors v ∈ R p and z ∈ R p are the components in the set R , then nonlinear function
We call the inequality φ T (v) T (φ (v) + z) ≤ 0 in Lemma 1 is a generalized sector condition, which can guarantee the feasibility by means of converting the stabilization problem into a linear matrix inequality problem in essence.
Lemma 2 [6] : For constant matrix M = M T > 0, and M ∈ R m×m , parameters > 0, vector α : [0, ] → R m , the following integral inequality holds
III. SYSTEM MODEL AND CONTROLLER DESIGN
Consider the double integrator dynamics of MASs described by
where
represents the error set between agent i and its neighbours, define the control input u i (t) as follows
where t i k and t jk denote the latest triggering instants of agent i and agent j, respectively.k arg min
At the kth triggering instant, agent collects the information from its neighbours, then updates its own controller and sends the information to its neighbours. The adjacency matrix of directed graph is denoted as A = a ij n×n , α, β are two positive constants, K is control gain matrix. Let
represent the position measurement error and velocity measurement error of agent i at time t (where t ∈ t i k , t i k+1 ), respectively. Then (1) can be represented as
represent the average values of time-varying state and velocity of agents, respectively. ξ = (ξ 1 , ξ 2 , · · · ξ n ) T is nonnegative left eigenvector of Laplacin matrix L, and n k=1 ξ k = 1. Definê
as system position error and velocity error at time t of agent i, respectively, then (4) can be converted as follows
In (5), it is noted that the following equalities hold
Set
then, (6) can be rewritten in compact form aṡ
whereL = 0 n I n −αL −βL andL = 0 n 0 n −αL −βL .
IV. MAIN RESULTS

A. EVENT-TRIGGERED CONSENSUS WITHOUT INPUT TIME DELAY
In this section, we present a linear triggering function, which depends on the error variable at time t and the error set at the kth triggering instant. Based on this, we investigate the event-triggered consensus control for MASs (1) without input time delay. Design triggering function as follows
where e i (t) = (e xi (t) , e vi (t)) T , γ ∈ (0, 1) . The agent is not triggered when f i (t) < 0, otherwise, agent i updates its state and broadcast information to its neighbours, meanwhile error is reset as 0. Theorem 1: Consider MASs (1) with control input (2) and the triggering function (8) . Suppose the network topology G is strongly connected and has one directed spanning tree at least, if there exist matrix P ∈ R n×n , P = P T > 0, any symmetric positive definite matrices T ∈ R m×m and G ∈ R m×m , for any initial ε i (0) ∈ R (P, η) , then the error trajectories among agents lie in the ellipsoid R and agents can achieve consensus by solving the following two LMIs
= αL ⊗ I n , βL ⊗ I n . Furthermore, the closedloop system does not occur Zeno-behavior before the agents achieve consensus.
Proof: By setting v = − K ⊗L ε (t) − K ⊗L e (t) and z = v + Gε (t) , for any ε (t) contained in the set
the following inequality
is satisfied by Lemma 1, where j ∈ {1, 2, · · · , p × n} , G is a matrix with suitable dimension and G j represents the jth row in matrix G, u 0 is a constant. Consider the Lyapunov function
where matrix P is positive definite. If the inequality
holds, then the ellipsoid R (P, η) is included in the set (11), namely, R (P, η) ⊂ ψ(G, u 0 ). In order to prove the stability of (7), we need to proveV < 0 holds for the conditions of ε(t) / ∈ intR and e i (t) ≤ γ q i t i k , where intR represents the interior of ellipsoid R . From (8), we can derive
and also get
Denote the compact form of q (t) as
In the following, S-procedure approach is used to prove the system stability, the details of S1 and S2 are defined as
The proof of S1 is based on the proof of S2. We note that −τ 1 1 η < 0, obviously, S2 can be simplified aṡ
, denote v = u, z = u + Gε, for any ε ∈ ψ = {ε : |G i ε| ≤ u 0 , ∀ i = 1, 2, · · · , n}, the condition of Lemma 1 is met, namely, φ T (u) T (φ (u) + u + Gε) ≤ 0 holds. The LMI (9) ensures R ⊂ ψ, so in order to provė V < 0, the following inequality needs to be proveṅ
From (7) and (12), we can get
where 1 = I n ⊗ P, since u = −K ε − K e, putting u into (13), one has
Denote
Lyapunov stability theories, it is noted thatV (t) < 0 if and only if < 0, so the closed-loop error system (7) is asymptotically stable if the conditions (9) and (10) hold, which implies the positions and the velocities of all agents can achieve consensus, thus Definition 3 holds.
Next, we will prove that the Zeno-behavior cannot occur in the closed-loop system (7) . Suppose that agent i is triggered at time instants t i k ∞ k=0 , when t = t i k , e xi t i k = 0, and e vi t i
where ϒ v > 0 and ϒv > 0 denote the maximum speed norm and the maximum acceleration norm of all agents, respectively. The following formulas hold
Then we can derive that e xi (t) + e vi (t) ≤ e xi (t) + e vi (t) VOLUME 7, 2019 Invoking (8), we know e i (t) ≥ γ 1−γ ε i , i.e.,
represent the triggering time interval of agent i, T i k = 0 if and only if ε i = 0, it means ε i = 0, otherwise T i k > 0. That is to say, the Zeno-behavior cannot occur before the consensus is achieved. Thus, the proof of Theorem 1 is completed.
Remark 1: The event-triggered control input (2) together with the triggering function (8) is called the event-triggered consensus control strategy. It is distributed since each agent only needs to check the latest neighbor's states and its own error value, rather than needs to know the information of all agents, therefore it is beneficial for reducing continuous communication and saving network resource.
Remark 2: For the topological structure of system, the directed graph that has a spanning tree ensures that the Laplace matrix L has and only has zero eigenvalue, and the rest of the eigenvalues have positive real parts, which is the basis for the stability of the system. On the other hand, it is noticed that the choices of parameter γ and control gain matrix K depend on the demanding conditions, based on the assumption that each agent needs to know the overall communication topology, namely, the network topology must be strongly connected. So how to relax the conditions on γ and K is an open and interesting issue that is worthy of researching in the future.
B. EVENT-TRIGGERED CONSENSUS WITH INPUT TIME DELAY
In this section, we discuss the problem of event-triggered consensus with input time delay. Consider the MASs with double integrator dynamics as
where τ (t) is the time-varying delay and τ (t)
where t i k and t jk denote the latest triggering instants of agent i and agent j, respectively.k arg min d∈n,t≥t
Similar to the discussion in Section III, one can obtain the error system as follows
T then (17) can be written aṡ
where Then we have the following conclusion. Theorem 2: Consider system (15) , it is assumed that input time delay is bounded and satisfies 0 < τ < h, the network G is strongly connected and has one directed spanning tree at least, if there exists matrixP ∈ R n×n ,P =P T > 0, for any symmetric positive definite matrices Q ∈ R n×n ,T ∈ R m×m ,G ∈ R m×m , then asymptotical consensus is obtained for system (15) by solving the following two LMIs 
, we useG j to denote the jth row of matrixG.
Furthermore, the closed-loop system does not exhibit Zeno-behavior.
Proof: Choose Lyapunov-Krasovskii function
Taking the derivative of V (t) , one can geṫ
From Lemma 4, one obtains
Substituting (18), (24) , (25) , (26) into (21), one haṡ
Next, S-procedure approach is used to prove the stability of (18), the details of S1 and S2 are given as
The proof of S1 is based on the proof of S2, thus S2 needs to be proven. Since τ 3 1 η > 0, S2 can be written aṡ
For anyŷ belongs to the set ψ = ŷ : G jŷ ≤ũ 0 , ∀j = 1, 2, · · · , n the inequality
satisfies, thus the ellipsoidR ⊂ψ is ensured by Lemma 1 if the following matrix inequality holds
where the ellipsoidR P ,η = ŷ :ŷ TPŷ ≤ 1 η ,P is a positive definite matrix,ψ G ,ũ 0 = ŷ (t) ∈ R n×m , G jŷ (t) ≤ũ 0 ,ũ 0 is a constant. So the following inequality needs to be proveṅ
Invoking (18) and (27), one has
rewrite (29) in a compact form asV < T , where matrix as shown in (19) , by Lyapunov stability theories,V < 0 is equivalent to < 0. Thus the error system (18) is asymptotic stability under the conditions (19) and (20) . It means that the positions and the velocities of all agents achieve consensus. From the Definition 3, Theorem 2 is proven. Furthermore, the proof of excluding Zeno-behavior is similar to the proof of Theorem 1 in Section IV A, thus it is omitted here.
Remark 3: For time-delay systems, the maximum allowable upper bound of time delay is the main index to measure the conservatism of delay-dependent. In this paper, Lyapunov-Krasovskii functional together with linear matrix inequality (LMI) method is adopted for time-delay stability analysis. The solution of LMI becomes easily to solve mainly due to the development of convex optimization technology and the widely application of MATLAB toolbox. The LMI based on delay-dependent stability condition, regardless of system stability analysis or controller design, the complexity of system has been increased. In order to make the system solvable and reduce the conservative, lots of methods have been designed, but because of the upper bound analysis of delay is a process of estimating, some conversion processes may inevitably produce conservative. Therefore, there is still an issue for continuous improvement in the analysis and synthesis of time-delay systems.
V. SIMULATIONS
In this section, numerical examples are given to verify the effectiveness of the proposed consensus control protocols. We consider a network with five agents whose interaction topology is given in Fig. 1 . A and L are the adjacency matrix and the Laplacian matrix corresponding to the topology, denoted as follows 
Event-triggered parameter γ meets 0 < γ < 1, controller coefficients α = 3, β = 3, the parameterη = η = 0.2, u 0 =ũ 0 = 1. Assume the initial states and velocities of five agents are
The simulations are presented in the following two cases. Case I (Without input time delay). In this case, assume the dynamics of MAS as described by (1) . According to Theorem 1, choose the parameter γ = 0.5, the position states and velocity states of five agents are shown in Fig. 2(a) and Fig. 2(b) . It can be seen that the curves of position and velocity achieve consensus under controller (2) . The control input of all agents are shown in Fig. 2(c) . It is shown that the update of controller only at its own triggering instants and remains constant until next input signal arrives. The individual triggering instants for each agent are illustrated in Fig. 2(d) , in which the number 1, 2, 3, 4, 5 represent agent 1, agent 2, agent 3, agent 4 and agent 5, respectively. We can see that each agent has its own event instants sequence in a discrete pattern, so the proposed distributed control strategy is verified. Fig. 2 shows that the consensus of the system (1) is achieved by using the event-triggered control strategy (2) together with (8) .
Case II (With input time delay). In this case, assume the dynamics of MAS is described by (15) . According to Theorem 2, choose the parameters γ = 0.5, τ < h = 0.1, the position states and velocity states of all agents are shown in Fig. 3(a) and Fig. 3(b) , respectively. It can be found that the consensus of MAS is achieved under controller (16) . Fig.3 (c) and Fig. 3(d) correspond to the control inputs and triggering event instants for each agent. It can be observed that the event-triggered control strategy can solve the consensus problem of MAS (15) with input time delay.
Compared Fig.2 with Fig.3 , it can be seen that the agents can achieve consensus both for MAS (1) without time delay and for MAS (15) with input time delay. But the position states, the velocity states and the control inputs are affected to some extent by input time delay. We notice that the time required for the agents achieving consensus in case II is longer than that in case I, which indicates the input time delay influence the system stability. As can be seen from Fig. 2(c) and Fig. 3(c) , the fluttering of control inputs also has increased due to the existence of input time delay. Fig. 2(d) and Fig. 3(d) illustrate the distributed event-triggered strategy proposed in this paper is effective, it can be seen that the event instants are influenced because of considering input time delay. Actually, with this strategy, the update numbers of five agents under controller (2) in Fig. 2(d) are 146,152,117,126,102 and under controller (16) in Fig. 3(d) are 189,211,175,169,157. One can see clearly the update number of events has been increased since there exists the input time delay.
VI. CONCLUSION
The event-triggered consensus control strategy for secondorder MASs is proposed, in which two cases, with or without input time delay, are studied. Distributed controllers along with triggering function are proposed to drive the system to achieve consensus. When the value of triggering function exceeds zero, the controller is updated with the agent's states at the instant. By applying this method, the consensus of MASs can be achieved both the cases of with and without input time delay. While communication energy can be saved as the agents send their state information only at infrequent event instants. The stabilities of the error systems are studied by means of the combination of S-procedure approach, the generalized sector condition and Lyapunov function theories. Moreover, it is proven that the Zeno-behavior cannot occur. The results show each agent only needs the neighbor's state information and its own error value to determine whether to be triggered or not. In addition, the designed triggering condition can simplify computation and reduce resource expenditure of network. The obtained results are very helpful to the applications of MASs with limited computation resource and network bandwidth. In the future, for the first order or second order MASs, if convergence rate is considered, how to design triggering functions and corresponding controllers to achieve fast consensus or finite-time consensus is an important issue to be solved. In addition, the consensus control for MASs in some special cases will be considered, such as input saturation or self-triggered control, and so on.
